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We propose a new quintessence scenario in the brane cosmology, assuming that a quintessence 

a+4 Q~ a {a > 2), 
in the 
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field Q is confined in our 3-dimensional brane world. With a potential V(Q) = 
we find that the density parameter of the scalar field decreases as Qq ~ a 
epoch of quadratic energy density dominance, if a < 6. This attractor solution is followed by the 
usual tracking quintessence scenario after a conventional Friedmann universe is recovered. With an 
equipartition of initial energy density, we find a natural and successful quintessence model for a>4. 
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One of biggest mysteries in the Universe is a cosmo- 
logical constant, if it exists jL|. Recent observation of 
Type la Super Novae suggests that the expansion of the 
Universe is accelerating now g{ . This acceleration could 
be explained by a cosmological constant with J7a ~ 0.7. 
Although a cosmological constant seems to be preferred 
from a view point of the age of the Universe and a struc- 
ture formation in the Universe, one may wonder why the 
cosmological constant is almost the same order of mag- 
nitude as the present mass density of the Universe. It is 
very difficult to explain such value from a view point of 
particle physics, which usually predicts much larger value 
of a vacuum energy. If the observation is confirmed, we 
will face on a serious problem in fundamental physics. 
One of the way out would be the so-called "quintessence" 
||, in which a potential of a scalar field plays as a de- 
caying cosmological constant In the quintessence 
scenario, a scalar field with some specific potential shows 
an interesting behavior called "tracking" (or "scaling") 
in its evolution The energy of a scalar field tracks 
the radiation energy (or matter energy) for rather long 
time and then eventually becomes dominant after mat- 
ter dominant era. In order for this scenario to work well, 
a scalar field will catch up neither radiation nor matter 
so early. This naively means that the initial energy of a 
scalar field was very small. In the quintessence models, 
however, the final value of quintessence energy density is 
insensitive to the initial conditions because of its attrac- 
tor property. For example, a potential of V = n a+4 Q~ a 
will catch up matter density late in the evolution of the 
Universe for a wide range of initial conditions, if /i is 
suitably chosen. However, this suitable choice of fj, may 
need a finetuning [Q. Some modified models have been 
proposed to solve this problem ||||. Here, in order to 
resolve this mystery, we propose a scenario based on a 
brane universe. 

Recently, a new type of world view has been proposed, 
which is called a brane world based on a superstring 
or M-theory |^0|-|l^|. Our 3-dimensional universe is de- 
scribed by a brane in a higher-dimension fl3]| , and usual 
matter field and force except for gravity are confined 



on the brane. Among them, Randall and Sundrum's 
second model Jl2| gives an interesting picture of grav- 
ity, i.e. although the extra-dimension is not compact, 
four-dimensional Newtonian gravity is recovered in five- 
dimensional anti-de Sitter spacetime (AdSs) in low en- 
ergy limit. Since gravity in those brane world could 
be quite different from the 4-dimensional Einstein the- 
ory, many authors discussed interesting difference from a 
conventional cosmological model |l4|-|l7| . The quadratic 
term of energy-momentum appears and may be impor- 
tant in the early stage of the universe, and dark "radi- 
ation", which is constrained by a successful nucleosyn- 
thesis, may also exist Jl|,[l^]. In particular, the former 
will change the expansion law of the Universe in the very 
early stage, then we may expect some important differ- 
ence in a "quintessence" scenario. 

Here, we will show that the quadratic term will in- 
deed change drastically the evolution of a scalar field 
and its density parameter will decrease in time until 
the quadratic term becomes unimportant. This provides 
us a successful and natural scenario for a conventional 
quintessence model. 

In this letter, we shall analyze a cosmological solution 
based on the Randall- Sundrum model, although the sim- 
ilar result would be obtained in other brane world mod- 
els. Assuming flat Friedmann-Robertson- Walker space- 
time in our brane world, we find the effective Friedmann 
equation as follows JlqJlq]: 
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8itGn and k\ are 4- and 5-dimensional 



where k\ 

gravitational constants, respectively, H — a/ a is the 
Hubble parameter, and C is a constant, which denotes 
"dark" radiation IM. The 4-dimensional Planck mass 



TO 4 (= K\ 

one TO5 (= 



= 2.4 x I0 18 GeV) and the 5-dimensional 
) will be used in the following discus- 
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sion. Here the 4-dimensional cosmological constant is 
set to zero. We also assume that all matter field includ- 
ing a scalar field Q arc confined on the brane. As for 
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the potential, we consider one of typical quintessence- 
type potential, i.e. V(Q) = p a+i Q- a §, although the 
present mechanism may work for other potentials. It 
is worth noting that this potential may be naturally 
derived in some supersymmetric QCD with a fermion 
condensation. In that case, a is given by the num- 
bers of colors and of flavors |L9|]. Since the energy den- 
sity decreases when the universe expands, the quadratic 
term (p 2 ) dominates in the early stage of the universe. 
The conventional Fricdmann universe is recovered after 
when the quadratic and the linear terms are equal at 
p = p c = Y1k\I k\ = Y2m§/m\. Since we know well 
about the behavior of the scalar field in the linear-term 
dominant stage, which is the conventional cosmological 
model, we first study the behavior of the scalar field in 
the quadratic-term dominant stage. In order to study 
the dynamics of a scalar field, we discuss two cases sep- 
arately; the radiation dominant era and the scalar-field 
dominant era. 

First we analyze the case with radiation dominance. 
The Friedmann equation is approximated as H = -#/0 r ~ 
a -4 , where we assume that the Universe is expanding 
(H > 0). This gives the expansion law of the Universe 
as a oc t 1 / 4 . Then the equation of motion for the scalar 
field is 



ap a+i Q- {a+1 ^ = 0. (2) 

We find an exact solution for a < 6, that is 

Q oc i^T2 a nd p Q oc oc . (3) 

The density parameter of the scalar field, which we de- 
note as Dq, is 



PQ 



PQ 

Pi 



P 



4(a-2) 
c + 2 



(4) 



PQ + Pr + Pr. 

where j3 (< 1) is a constant and a s is an "initial" scale 
factor. If a > 2, Qq decreases with time, just contrary 
to a tracking solution. The scalar field energy decreases 
faster than the radiation energy. This is a new inter- 
esting feature for a quintessence because smallness of a 
quintessence-field energy when the Universe enters the 
conventional stage could be dynamically obtained. We 
will show that it is really the case. If a = 2, is con- 
stant until the linear term becomes dominant. This is 
the so-called "scaling" solution. 

We also find that the above solution (^) is an attrac- 
tor, and can show that any solutions in the radiation 
dominant era will eventually converge to this attractor 
solution |2(J . The constant (3 then denotes flQ when the 
Universe reaches this solution at a = a s . 

One may wonder if the scalar field initially dominates 
the radiation. If a < 2, the potential term will over- 
come the kinetic term, leading to an inflationary uni- 
verse as a tx exp 

[ iJot (2-a)/2j j where Hq 

is a constant de- 
termined by p and p0|. For the case with a = 2, 



we find a power-law solution |2Cj], i.e. a oc t p with 
p = I[l + | (p/m 5 ) 6 ] and Q = 2y/2ml /2 t 1 ' 2 . If p > 1 
(i.e. p>1.85m^), we have a power-law inflationary so- 
lution, which is an attractor of the dynamical system. 
While, if p < 1/4 (i.e. p<l.26rri5), this solution is no 
longer an attractor, leading to the radiation dominant 
era discussed above. If a > 2, we can show that a ki- 
netic term of the scalar field will always become dom- 
inant even if we start with a potential dominance [ p0| . 
Since pq oc a~ 6 in the case of kinetic-term dominance, 
we find that the radiation will overcome the scalar-field 
energy and the Universe will evolve into the radiation 
dominant era discussed above. Since the solution (||) is a 
unique attractor in the radiation dominant era, any solu- 
tion in p 2 -dominant stage will approach to this attractor 
solution, if 2 < a < 6. Then the evolution of Q,q is given 
by Eq. (§. 

As the universe expands and the energy density de- 
creases below p c , we find the conventional Friedmann 
universe, in which many authors studied quintessence 
models ||^],|]|||2l| . During the radiation or matter dom- 
inant era, when the Universe evolves as a oc t 1 / 2 or i 2 / 3 , 
the tracking attractor solution in the present model was 
found, giving the evolution of Qq as 

£1q ~ Pq/Pi oc a<°+ 2 > (radiation dominant) 

6 

Qq ~ PqI Pn\ oc a<°+ 2 ) (matter dominant). (5) 

In both radiation dominant and matter dominant cases, 
the energy density of the scalar field decreases slower than 
that of radiation or matter fluid, and will eventually over- 
come those, resulting in an accelerating Universe. 

From (||) and (||), the present value of VLq is estimated 

as 
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where a c , a cq , and ao are scale factors at the time when 
the quadratic term of energy density drops just below 
the linear term, when radiation density becomes equal 
to matter density, and the present time, and T c , T oq , 
and To are corresponding temperatures of the Universe, 
respectively. In the present brane quintessence model, 
f2<2 first decreases during the quadratic-energy dominant 
stage, and the scalar field energy could be very small 
when the conventional cosmology is recovered. This may 
explain naturally why the scalar field energy was so small 
in the early stage of the Universe in the conventional 
quintessence scenario. 

Now we discuss about constraints on parameters to 
find a successful quintessence scenario. Since we do not 
know about initial condition, we set our initial time when 
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the attractor solution is reached (a = a s ). In this case, 
we have only one unknown parameter (3 (the value of 
Oq at a — a s ). Although we do not know the value of 
(3, it should be smaller than unity because the attractor 
solution appears only in the radiation dominant era. If an 
equipartition for the energy of each particle is assumed at 
a s , we expect /3 ~ 1/g, where g is a degree of freedom of 
particles. f3 could be smaller because the kinetic energy 
of the scalar field might be dominant before the attractor 
solution. 

Setting T = 2.73 K and T cq ~ 10 4 K, and assuming 
^Q,o ~ 0.7 and equipartition at a s (i.e. (3 = 1/g = 0.01), 
we find a relation between T s and T c , which is shown in 
Fig. 1 by a solid line for each a. 
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FIG. 1. A relation between T s and T c to find f>,Q, ~ 0.7 
under an initial equipartition condition for a — 3, 4, 5, 6 and 
8. The nucleosynthesis constraint and 7715 = 10 8 GeV are also 
shown by solid and dotted vertical lines. A successful scenario 
is obtained in the light and dark shaded regions. The dark 
shaded region (0.1 777,5 < T s < 10 ms) may be preferred for 
natural initial condition. 



One stringent constraint in any cosmological models is 
nucleosynthesis. It must take place in the conventional 
radiation dominant era to explain the present amount of 
light elements. Therefore, T c must be higher than the 
temperature at nucleosynthesis, Tns ~ 1 MeV. This con- 
straint implies 7715 > 1.6 x 10 4 (3/100) 1 / 6 (T N s/lMeV) 2 / 3 
GeV, which is included in Fig. 1. The r.h.s. of the 
vertical line is the allowed region. If the second Randall- 
Sundrum model turns out to be a fundamental theory, 
in order to recover the Newtonian force above 1mm 
scale, the 5-dimensional Planck mass is constrained as 



> 10 GeV 12|, which is satisfied in the r.h.s. region 
of the dotted vertical line in Fig. 1. 

Although we do not know the "initial" temperature T s , 
if the 5-dimcnsional spacetime is fundamental and grav- 
ity is unified at the energy scale 777,5, we expect T s <m^. 
Even if the 5-dimensional theory is effective, T s <m^ may 
be required to justify the present 5-dimensional analysis. 
This condition with the equipartition at a s gives a con- 
straint on the scale of the potential as /_t>(0.2 — 0.3) 777,5. 
For reference, we have inserted three lines of T s = 0.1 7775 



(the lower dotted line), 777,5 (solid line), and 10 7775 (the 
upper dotted line) in Fig. 1. If a>4, we find a successful 
quintessence scenario with natural conditions. On the 
other hand , if a < 4, either (3 should be much smaller 
than the value expected from equipartition, or T s ^> 7775, 
then we may need a finetuned or unnatural initial condi- 
tion. 

In Fig. 2, we show one example of the time variation of 
Hq for the case of a = 5 with (3 = 0.01 and T s — 7775. For 
these parameters, we find that T c ~280 MeV (» Ins), 
and T s (= 7775) - 8.6 x 10 6 GeV. 




FIG. 2. Time variation of Qq in terms of a scale factor 
a, which present value is normalized to unity, for the model 
with V = n 9 Q~ 5 . We set /3 = 0.01 and T s = m 5 . The 
energy of the scalar field drops faster than that of radiation in 
the quadratic-energy dominant stage. After the conventional 
Friedmann universe is recovered, the scalar field with very 
small energy density tracks radiation and matter fluid. 



If a > 6, the above solution (|J) is no longer an attrac- 
tor. We can show that the kinetic term always dominates 
in the quadratic-term dominant stage. Then Qq drops 
as a~ 2 until the conventional cosmology is recovered at 
a c . However, we know that the kinetic term drops much 
faster than the potential term after a = a c and the track- 
ing solution eventually will be reached. Hence, we could 
approximate at a — a c by the potential term, i.e 
Qq,c ~ (3(a c /o,s) 4: ~ a ■ Using this estimation, we find the 
relation between T s and T c to obtain £Iq^q ~ 0.7. Those 
results are also included in Fig. 1. 

In the brane universe, "dark" radiation C (> 0) may 
exist. If this term dominates, the present scenario may 
not work because it evolves as a~ 4 just as radiation, . 
The preliminary analysis shows that the quadratic energy 
of the scalar field will drops as the same as the present 
model, but the linear term will increases because the ex- 
pansion law of the Universe is a oc i 1 / 2 . It will depend on 
the initial condition whether we find a successful model 
or not. 

In this letter, we have discussed a quintessence model 
in the context of a brane world scenario. We show that 
the energy of a scalar field decreases faster than the ra- 
diation when the quadratic energy density is dominant. 
As a result, when we recover a conventional cosmology, 
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the density parameter of a scalar field is enough small for 
a scalar field to dominate just at present epoch. If our 
3-dimensional brane universe starts at T s ~ m^, a>4 
is required to find a natural quintessence scenario. We 
should note that the present model may not solve the 
coincidence problem, but will give a natural explanation 
of smallness of a scalar field energy in the early stage of 
the conventional cosmology. It is also important to point 
out that we could predict when the Universe is getting 
into an acceleration phase, if we know the values of fun- 
damental parameters such as and \x. 

The present model prefers rather large value of a 
(a>4), but recent observation may force to the constraint 
of a<2 p^j. If this is the case, we have to look for other 
type of quintessence potential p]J|. For example, an expo- 
nential potential could be another candidate. The results 
for such a study will be published elsewhere. 

The essential point in the present scenario is that the 
dynamics of the scalar field is completely modified in the 
quadratic energy dominant stage [^5|Jlrjj20|l . Although we 
assume the Randall-Sundrum model in the present anal- 
ysis, the quadratic energy term will usually appear in any 
brane universe models Jl5|,|l6|], then we expect the simi- 
lar effect, which may provide us a successful quintessence. 
Since the dilaton field will also appear in a superstring 
or M-theory, it will also change the dynamics of the Uni- 
verse |l|[L7j, which requires further analysis. 
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